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Abstract In this paper, the spectrum of the following fourth order problem

A%u+vu =—rAu  in Dy,
u=0ou=0 on dDq,

where D is the unit ball in R", is determined for v < 0 as well as the nodal properties
of the corresponding eigenfunctions. In particular, we show that the first eigenvalue is
simple and that the corresponding eigenfunction is radial and (up to a multiplicative
factor) positive and decreasing with respect to the radius. This completes earlier results
obtained for v > 0 (see Coster et al. in Positivity 19:843-875, 2015) and for v < 0
(see Laurencot and Walker in J Anal Math 127:69-89, 2014).
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1 Introduction

In this paper we look for any pairs of real numbers (v, 1) such that a nontrivial solution
u of
A%y 4+ vu = =\ Au in Dy, )
u=0ou=0 ondDq,
exists, where D; is the unit ball of RY, N > 2. This problem can be viewed as an
eigenvalue problem in X, once v is fixed, or as an eigenvalue problem in v, once A is
fixed; both cases being points of view on finding pairs (v, A) in the plane.

There are few references concerning the general problem (1) and they concern
either the eigenvalue problem in A (= 0) for v > 0 fixed or the eigenvalue problem
in v (< 0) for A < 0 fixed i.e., only the situation in the first or the third quadrant of
the plane is considered (see in particular [11,19,25] and the references therein). These
papers are mainly concerned with the behaviour of functions A : RT — R : v > A(v)
(resp. v : RT — R : A — —v(—A)). In particular, in [19], the authors prove that the
first eigenvalue A; : Rt — R : v — A;(v), as a function of v, is strictly concave,
increasing, and satisfies

v
Vv €10, +oo,  max{1r(0),2v/v} <11(v) <A1(0) + 5

with & being the first eigenvalue of the Laplacien in Hol(Dl) with corresponding
eigenfunction /1. Similar results are obtained for —v;(—A). Moreover, they prove
that —vi(—A)/A — & as A tends to zero and that the corresponding eigenfunction
converges to ¥ry.

More recently, we find in the literature results on the structure of the eigenfunctions
and in particular the positivity of the first eigenfunction. There is a vast literature on
this last question about the case v = 0 or A = 0, see [4,7-9,12,13,15,16,20,27,28]
which corresponds to the situations on the axes.

In [22], the authors consider the problem

A2y — 1 Au = wu in Dy,

2)
u=20o,u=>0 on dDq,

where the term AZu accounts for the bending, while the term —t Au, with 7 > 0
for stretching; w being the (positive) eigenvalues they are looking for. Observe that
reversing the point of view, problem (2) is related to (1) with v = —w and A = —t.
In particular, for 7 > 0, the authors of [22] prove the existence of w; such that
the problem (2) has a positive radially symmetric eigenfunction and that w; is the
only such eigenvalue. However, the authors observe that there could exist non-radially
symmetric positive eigenfunctions i.e., @| may not be the only eigenvalue with positive
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eigenfunctions nor the smallest eigenvalue. Our result proves that, in fact, it is not the
case. We can also refer to [5,6] where other boundary conditions are considered.

In [10], motivated by the study of clamped thin elastic membranes supported on a
fluid substrate, we considered the case v > 0 and, in particular, we gave a complete
description of the smallest eigenvalue A and its eigenfunction u. In this work, we
want to extend the analysis started in [10] to any v € R. More precisely, we determine
pairs (v, &) with v < 0 such that (1) has a nontrivial solution u as well as the shape of
the corresponding solution u. In particular, we obtain precise information about the
smallest eigenvalue A (v) and its associated eigenfunction as a function of v. Putting
together the results of this paper with those of [10], we obtain the following theorem
concerning the case where D is the unit ball of R?. In this result and throughout the
paper, (jk,¢)¢>1 denote the roots of Ji, the Bessel function of the first kind of order k.

Theorem 1 If D is the unit ball of R?, the first eigenvalue A1 : R — R : v = A;(v)
of (1) is a continuous, increasing function of v such that

lim Aj(v) = —oco, lim A;(v) =400 and A (0) = j,.
V—>—00 v— 400 3

Hence it is a bijection from R into itself. Moreover,

o Ifve]—oo, (jo,ljo,z)z[, the first eigenvalue is simple and the eigenfunctions ¢
are radial, one-signed and |¢1| is decreasing with respect to the radius r.
o If v € 1Ginjin+)?, Gont1jons+2)’[, for some n > 1, the first eigenvalue is
simple and the eigenfunctions are radial and have n + 1 nodal regions.
e Ifv e ](jo,n+1jo,,,+2)2, (j1,n+1j1,,,+2)2[, for some n > 0, the eigenfunctions @
have the form
Ry1(r)(c1cosf 4 casinf), ci,cy € R,

Moreover the function R1 1 has n simple zeros in 10, 1[, i.e., ¢1 has 2(n + 1) nodal
regions.

Information on the eigenspaces at the countably many v > 0 not considered in
the previous theorem is also provided in [10]. For these v, the eigenspaces have even
larger dimensions (see [10, Theorem 4.18]).

For v < 0, we can also give a characterization of higher eigenvalues. In particular,
the nodal properties of their eigenfunctions are completely determined.

Theorem 2 If D is the unit ball of R?, there exist increasing, differentiable functions
Mg 1 ]=00,00 = R:v > Age(v) fork €e Nand £ € N such that the spectrum
of (1) for a given v € 1—o0, 0 is exactly {A;¢(v) | k € N, £ € NT}. Moreover

lim X =— lim A =2,
Jim ke (V) oo and i k(W) = Jiiie

Associated to hi g is a space of eigenfunctions in spherical coordinates of the form
Ri.¢(r)(c1 cos(kf) + ca sin(k6)) where ci, ¢ € R and

K
Ree(r) = clianer) +dl(——r),
(47
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Fig.1 Curves of (v, A) along which (1) possesses a nontrivial solution. The dot indicates where the graphs
of X9,3 (red) and A5 1 (green) cross

for some (c,d) # (0, 0) suitably chosen (depending on k, k, and £). Here Ij. (resp.
Ji) denotes the modified Bessel function (resp. the Bessel function) of the first kind of
order k. In addition Ry ¢ possesses £ — 1 roots in 10, 1[, all of which are simple.

Here we write N for the set {0, 1,2, ... }and N* for {1, 2, ... }. Figure 1 shows the
graph of a few of the functions Ay ¢. It shows (and we prove) that

A1 (v) = min{io 1 (v), A1,1(v)}

where the minimum coincides with A1 for v < (jo.1 jo’z)2 and alternates between
Ao,1and A1 1 forlarger v, which explains the results of Theorem 1. The nodal properties
of the eigenfunctions are illustrated by the graphs of the first six eigenfunctions for
v = —1 which are drawn in Fig. 2.

The paper is organized as follows and concerns the case v < 0. In Sect. 2, we
explain how to find solutions to (1) despite the fact that the method of separation of
variables is not directly applicable. In Sect. 3, we show (see Theorem 8) that, for all
k e N, there exists an increasing sequence ok ¢ = Qk.¢(k) € ljke. ji+1.el, € = 1,
with k = /=, such that Az ¢(v) = oz,ilZ - fcz/oz,i,Z is an eigenvalue of (1) with
corresponding eigenfunctions of the form Ry ¢(r) e**?. The minimal value of the
spectrum A1 = Aj(k) := ming ¢ Ak ¢ corresponds to the minimum of {ax ¢ | k €
N, ¢ > 1} which is given by «p 1.

In Sect. 4, we show that A (v) is simple and its eigenfunction ¢ is radial, one-signed
and |¢1| is decreasing with respect to r (see Theorem 13). We further give precise
statements about the nodal properties of the other eigenfunctions in Theorem 18.
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0. (k,0)=(1,1) 93, (k0)=(2,1)

o1, (k0)=(0,2) #s, (k0 =(3,1) %5, (k,0)=(1,2)

Fig. 2 Graphs of the first eigenfunctions for v = —1, mentioning the value (k, ¢) of Theorem 2 to which
they correspond

Section 5 explains how Theorems 1 ans 2 are obtained from the results in this paper
and in [10].
Finally, the case D; C RN with N > 2 is also considered in Sect. 6.

2 Preliminaries
Let us first consider the case N = 2 (see Sect. 6 for the case N > 2).

As the case v > 0 in (1) was fully treated in [10], we can restrict ourselves to the
case v < 0, that we rewrite as

A%y — k?u = —2Au  in Dy,

3)
u=0ou=0 on oDy,
with k > 0. Similarly to [10], we factorize
AU+ 2Au—kPu=A~+a>)A+BHu=0 )

with a, B € C such that «?% = —«? and o®> + 2 = 1. Ask > 0, « and 8 are both
non zero and we can choose « as a positive real number and 8 = ix /« that is clearly
different from «.

As we work in two dimensions, we use the ansatz u(r, ) = R(r) e*? with k € Z,
where (7, 0) are the polar coordinates, and notice that (4) is equivalent to a fourth order
ordinary differential equation (in 9,)

L@, r,a,pB, k)R =0. 5)
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Hence by the theory of ordinary differential equations, L has four linearly independent
solutions. To find them it suffices to notice that

A+ u=0 = (A+a>)(A+BHu=0.
Thus, if ]
(A+a?)(R(r)e*?) =0, (6)

then R is a solution to (5). But a solution to (6) is simpler to find. Indeed such R satisty
the Bessel equation
(rar)zR +a?r’R = k’R.

As a # 0, R is then a linear combination of Jji (ar) and of Y (ar).
Similarly, if

2 .
(a- %)(R(r) eit?) =0, 7

then R is a solution to (5). But R is solution to (7) if and only if R satisfies the modified
Bessel equation

2 K22 2
(ro,) R——zr R =k“R.
[07

Therefore, R is a linear combination of /i (%;-) and of Kk ().
Summing up, we have proved the following result.

Lemma 3 Letk € Z. Ifa € 10, ool and B = ik /«, then the four linearly independent
solutions to (5) are Ji(ar), Yk (ar), Lk (%) and K (%)

3 Eigenvalue problem

Here we want to characterize the full spectrum of the buckling problem on the unit
disk. In other words, we look for a u # 0 and A € R such that

A%y —icPu = —)Au in Dy,

8
u=0ou=0 ondDq, ®)

where D is the unit ball of R2.

Proposition 4 The eigenfunctions of the boundary value problem (8) are of the form
u = R(r) e with k € 7 and R given by

K
R(r) = cJy(ar) + dl (;r), 9)
for some c,d € R, where « is a positive solution to

Fi(e) = gJ|k|(oz)I"k‘(g> - al\k‘(K)J"k‘(a) = 0. (10)

o

The corresponding eigenvalue is » = o — k2 /o>,
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Proof According to the previous section, we look for solutions « to (3) in the form
u=R(r)e*,  withk € Z.

From Lemma 3, we see that
K
R(r) = cJy(ar) + dI|k|(ar), (11)

for some ¢,d € R (since R and R’ are bounded near r = 0). Hence the boundary

conditions at » = 1 lead to the system
cJi(@) +d Iy (&) = 0. (12)
ca]l’kl(ot) +d gll’kl(g) =0.

This 2 x 2 system has a non-trivial solution (c, d) if and only if its determinant is
equal to zero, namely if and only if (10) is satisfied.

The fact that (e¥?); <z form a basis of L2(]0, 27[) allows to conclude that no other
eigenvalues exist. For the reader’s convenience, let us quickly recall the argument given
in [10, Theorem 3.2] to prove this fact. Let u be a solution to (8) with eigenvalue A.
Let us express u in polar coordinates (r, 6) and write

; 1 2 .
u= Zuk(r) ekt where uy(r) := _f u(r,0) e 0 dg
keZ 2w 0

(the integral makes sense because u is smooth). Multiplying both sides of equation (8)
by e Y and integrating by parts in & shows that

Yk € Z, L0y, 1, a,ik/a, k))ur =0.

The discussion following (5) then shows that uy is of the form (11). The boundary
conditions on u will give boundary conditions on u; which in turn imply that (12) is

satisfied. In conclusion u can be expressed as a series of functions R(r) e*? where R
has the form (11) with Fy (@) = 0. m]
Let us start with a technical result.
Lemma 5 Let k € N. Then the function
2l (z
Gr:10,+o00[ > R:z (@)
Ik (2)
has a positive derivative and thus is increasing on 10, +ool.
Remark 6 Observe that, by (45),
() 2l (2
Gi(e) = D _ @) (13)

L(z)  Ik(2)
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Hence by [21, Theorem 1.1] we have that
Gi(z) > =14+ (k+1)2 + 22
This implies in particular that
z—ljrfoo Gi(z) = +o0.

Proof Direct calculations using the differential equation satisfied by modified Bessel
functions (47) yield

(22 + kD IE(2) — 22(T[(2))?

G =
€@ @)

Then using the recurrence relation (45), we deduce that

@) = I}, (2) = 2kl (2) [k41 (2)

Gl(2) =
2 22(2)

Ii+1(2)

Hence with the notation u =
Ik (2)

from Lemma 21 (in the Appendix), we have

/ 2%
G (2) = —z<u2 - 1), (14)

and then Lemma 21 implies that G} (z) > 0. O

Remark 7 Due to the relation (1.5) of [2] (see also [1, p. 256]),

Vi> 0, 2 (12 ~ @l @) = k)G,

Lemma 5 is in fact equivalent to the Turdn type inequality (53). Let us further mention
that this Lemma was also proved by Gronwall [14, p. 277].

Theorem 8 Forallk € N and k > 0, the roots of Fy (defined by (10)) are simple and
can be ordered as an increasing sequence oy o = ok ¢(k) > 0, with £ € N7, such
that

Ve >0, jre<are< jitle

Each £ > 0 gives rise to the eigenvalue

i2

Ao = 0‘13,4 - (15)
RN
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of (8) and to corresponding eigenfunctions of the form Ry ¢(r) e yith

K
Ri¢(r) = cJi(ager) + d1k<— r),
(07N

where (c, d) is a solution to (12) with o = o 4.

Proof Since I is positive on ]0, +o00[ and the positive roots of J; are simple, the
positive roots of Fj never coincide with those of Ji. Hence, we can write

Fu(@) = Ji(@) I~ ) Fu@)

with 3 «
Fi(ar) == Gk(;) — Hi(@)

where G was defined in Lemma 5 and Hi(z) := ZJJ ((ZZ)) (see [10, Lemma 4.1]) and
we have

Fi(a) =0 < Fk(a) =0.
Using formulas (40) and (45), Fk may also be written as

ﬁ) P @)

Ik+1(a
o Ik(g) Ji(e)

(16)

Observe first that ifa € 10, jk.1[, then Ji () > O and Ji1 () > O and so I:“k(a) > 0.
Thus the roots of Fj lie in ] ji 1, +-00[. Easy computations show that, for all £ > 1,

>0

. . lip1 (=)
lim Fi@=-co and Fi(jeste) = — St
0> s e I(505)

This implies that I:“k possesses a root between ji ¢ and ji ¢+1.
To establish that it has a unique root in this interval, it is enough to prove that, for
every root o™, we have F}(a*) > 0. Direct calculations yield

- K K
Fla) = —=¢, (—)—H’ . 17
k(a) o2 k o k(ot) (17)

First, let us use [10, Lemma 4.1] which states that

SN /(G
J(@?*

Hi(z) =
and, using (40), we obtain

@ @
K@ T R@

Hy(z) = —z+2k
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Now using that o™ is a root of F and remembering (16), we have

Jepr1 (@) o« ;
Je@®) (@9

lik+1(2)

where we have set u 1=
Ik (2)

with z = % These two identities show that

K2

K
H,é(a*) =—a" - 2kwb{ — Wllz.

Using this identity together with (14) in (17), we get

2
N 5 2ka* . K K% 5
Fk(Ol )— (a*)3<u + P M—1)+(X +2kwu+wu
_2%? o, 2kat () — k2
T (a%)3 + " + 2k
2k 2k 21
_ K3(2 ku (a_;——) with z = «/a™.
(o®) z 2z 2
Hence to show that F, 4 (™) is positive, it remains to prove that
2ku  (@®)?® 1
2
et E (18)

But the estimate (2.4) of [21] says that

2k +1
u2+—(+ )u
4

—1>0,

therefore

2ku (oz*)2 1 1 2u (ot*)2 1

2 2 #12
- - — - e —4duz + (a .
! Z 272 2 g 2 4 272 272 (Z net ) )

Since o* > ji.1 > jo1 = 37" > 2 (see [17, Theorem 3] for the estimate on jo 1) and,

by Lemma 21, u < 1 for k > 0 and z > 0, we deduce that

2ku (@2 1

w4+ = —>L(z—2)2>0
z 222 27 272 -

This implies that, for every root o*, we have F i (@*) > 0 and prove the uniqueness of
the root of ﬁk in 1jk.¢, jk.e+1[. This concludes the proof. O

We now give some further informations on the functions oy ¢.

Lemma9 Forall k € N and £ € NT, the function ag ¢ : 10, +oo[ — R : k >
ak.¢(k) is of class ¢ and ot o < 0.
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Proof Let us note Fi(w, k) the function Fi(«x) defined by (10) where we have
explicited the dependence on «. The assertion will result from the Implicit Function
Theorem. Let us fix k € N, k* > 0 and o™ = o ¢ (k) > 0.

Again as in the proof of Theorem 8, instead of working on Fy (¢, k), we consider
the function Fk (o, k). In the proof of Theorem 8, we already observed that

3 Fr(a*, k™) > 0.

Hence we can apply the Implicit Function Theorem to Fj and there exists a ¢! curve
B¢ defined around «* such that, in a neighbourhood V of (a*, «*),

Fi (o, k) = 0if and only if & = B¢ ().
Moreover, using Lemma 5, it is easily seen that
de Fr(a*, k%) > 0
and so

e Fr(a*, k™)

= < 0.
O Fi (™, k™)

A Be (k™) =
As, for all «, ag ¢(«) is the only root of f’k in 1jk.¢, jk,e+1[, we have, forallx € V,

Be() = o ¢ (k),

whence the desired result. 0

Lemma 10 Let k € Nand € > 0. Then we have

lim oy ¢(€) = je+1,e  while  lim oy ¢(€) = ji -
k—0 K—00

Proof As ay ¢ is decreasing and bounded (for all k > 0, jk ¢ < ok ¢(K) < jk+1.0),
these two limits exist. Let us denote

ap = lim o ¢(k) and oo i= lim o p(k).
k—0 K—00

It remains to find their value. Recall that, for all z > 0, we have 0 < ’klréz(f) < 1 and
hence, formula (16) implies
0= ’}l_r)l% Fie (o, e (k)
N S i), Jir (@0 ()
= lim . + o o (k) —————
k—>0[ ag e (k) Ik(m) Ji(otk, e (1))
Jir1(a0)
=q)y———.
Ji (ap)

This implies that o = jk+1,¢-
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J21
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jou 1 o

Fig. 3 Graph of some oy ¢

On the other hand, Remark 6 and oy ¢ > jk,¢ imply

lim Gk< ) = to0.
K—00 ag, (k)

Given that 0 = Fy(ax.¢) = Gy (x/ax.¢) — Hy(ak.¢), one has
lim Hi(og ) = 400
K—>0Q

and hence Ji(coo) = 0. This shows that oo = jik.¢ and concludes the proof. O

Remark 11 Computer generated graphs of the first o ¢ are drawn on Fig. 3. From
this, one would for instance naturally conjecture' that

Vi >0, ap1(k) <api(k) <oai(c) <apa(k) <oapa(k) <aza(k).

However, the picture does not stay that simple once ay ¢ with higher indices are drawn:
many crossings appear. As an example, we have drawn graph of «s5 1 which crosses
the one of ¢ 3 for k ~ 44.616, thereby generating an eigenspace of higher dimension.
Nevertheless we can prove the following result concerning the first eigenvalue.

Theorem 12 The first eigenvalue of (8) is simple and given by

2

)\.] = Ol(%’l - 5 (19)
0.1

I Some of these inequalities are obvious from the bounds on «y ¢ that were obtained in Theorem 8.
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with corresponding eigenfunctions given by
K
Ro.1(r) = ¢ Jofeo, 1) +d To( =—r). (20)
0,1

where (c, d) is a nontrivial solution to (12) with o = o ¢. Moreover A1 is a decreasing
function of k,

Iim Ay (k) = j121 and lim Aj(k) = —o0.

k—0 ’ K—00

Proof First note that the function 10, +0o[ — R : a + «? — k?/a? is increasing.

The localization of o ¢ given in Theorem 8 readily shows that «g 1 is the smaller of
all g ¢. Formula (19) and (20) immediately follow. The monotonicity comes from
Lemma 9 and the asymptotic values from Lemma 10. O

4 Nodal properties of eigenfunctions

In this section, we prove that the eigenfunction Ry ; is positive and decreasing, and
give precise statements about the change of sign of the other eigenfunctions.

Theorem 13 Let « > 0 and Ry,1 be the function associated with a1 defined by (20)
in Theorem 12. Then r +— |Ro,1(r)| is positive in [0, 1[ and decreasing.

Proof As Ry, is given by (20) where (c, d) is a nontrivial solution of (12) with
a = ap,1, we may choose ¢ = Io(ﬁ) and d = —Jo(p,1). Since op,1 € 1jo.1, j1.1L,
we deduce that ¢ and d are positive.

Now we want to show that v(r) := 9, Ro,1(r) < Oforallr € ]0, 1[. As Rp,1(1) =0,

we then obtain also Rp,; > 0 on [0, I[. First observe that v is given by

K K
v(r) = —cap,1J1(ao,1r) +d —11<—r). 21
0,1 Q0,1

A simple computation using (42) and (47) shows that v solves

5 1 1 K2 5 K2
—0,v——0,v+ (—2 + T)v = —cay,1 ((XO |+ T)Jl((onr),
r ooy o, (22)

v(0) =0, v(l)=0.

This problem can be rewritten under the form

1 K2 2 i
— 3, (r d,v) + r(_2 + T)v = —cap,| (cxo’] + T)r Ji(ao,1r),
r ao’l (XO’I (23)

v(0) =0, v(l)=0.
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Since —cap, 1 (oz(%‘l + ;Tz)r Ji(ap,1r) is negative in J0, 1[, multiplying (23) by vT and
’ 0,1

integrating we obtain

1 1 2
0< / Fo, H (P dr < f —cao,1 (o + <5 )r Ji@or)v dr <0,
0 0 0‘0,1

This implies that v™ = 0 i.e., v < 0. On the other hand, if there exists ry € 10, 1[
such that v(rg) = maxjp,;jv = 0 then 9,v(rg) = O, 8,2v(r0) < 0 which gives a
contradiction with (22).

This implies that v < 0 on ]0, 1[ and concludes the proof.

Theorem 14 Let k > 0, k € N, and Ry,1 be the function defined by

Rei(r) = ¢ Ji(ap1r) +d Ik<—r> 24)

K
a1
with (c, d) a nontrivial solution to (12). Then |Ri 1| > 0 in [0, 1[.

Proof As (c, d) is a nontrivial solution of (12) with &« = o 1, we may choose ¢ =
Ik(ﬁ) and d = —Ji (k1) in (24). Since ak,1 € 1jk.1, jk+1.1[, we deduce that ¢ and
d are'positive.

For r € 10, jk.1/ak 1], Ri.1(r) is clearly positive as the sum of a non-negative and
a positive term.

To prove that Ry 1 is positive on ] jk,1/ak.1, L[, suppose on the contrary the existence
of r* € ljk.1/ak.1, 1] such that Ry 1(r*) = 0. A simple computation using (42) and
(47) shows that u := Ry ; is a solution to

k2 i2 2 K2
= 0 0+ (5 + g Jru= (o + - )r Jeerar)
r o Y
u(@r*) =0, u(l)=0.

(25)

Note that, forany r € Jr*, 1[, ek 17 € 1jk.1, k1l S 1jk.1s Je+1.10 € Ljk.1, jk.2[ and so
the right hand side of (25) is negative. Multiplying the equation by u™ and integrating
yields

1 1 2
0< / r|8r(u+)|2dr < / c(afl + KT)r Jk(Olk,lr)u+ dr <0,
r r S %

and sou™ = 0i.e.,u < 0on [r*, 1]. Now, evaluating (25) at r = 1 and taking into
account the clamped boundary conditions yields
2 2 x?
92Ry1 (1) = —c(ak’l + aT)Jk(ak,l) > 0.
k1

This contradicts the fact that Ry ; is nonpositive on [r*, 1] and concludes the proof.



Spectral analysis of a generalized buckling problem on a ball

Lemma 15 Letk > 0, k € N, £ € NT and Ry ¢ be the function defined by (9) with
a =ayeand (c,d) # (0, 0) a solution to (12). As it is customary, let (j/é’n)nkl be the
positive zeros of J; in increasing order, except for k = 0 for which we set jé’l =0.
Then ,
. J .
Vn=1,...,£, sign Rk,g(ﬂ) = sign(c) (=1)" . (26)
(7

Proof Up to a multiplicative constant, the function Ry ¢ can be written as

Ree(r) = ce(ag.er) + dlk(ir> 27)

7N

with ¢ = Ik(ﬁ) > 0 and d = —Ji(ak ¢). To fix the ideas, the proof will be carried
out for £ even; the case of £ odd being similar. Because ax ¢ € 1jk.¢, jk+1.¢[ (see
Theorem 8), d < 0. Note also that the lower bound on o ¢ implies that j,éﬁn/ozk,g <1
foralln = 1,...,£. If nis even, then Ji( j/é,n) < 0 which immediately implies that
Rk,g(jli’n/ak,g) < 0. To conclude the proof, it remains to show that Rk’[(jléyn/ak,g) >
0 when 7 is odd. It is well known [26, p. 37] that |Jx( jli,n)| decreases with respect
to n. Thus, forodd n € {1, ..., £}, Jk(jlé,n) > Jk(jli’m_l) > Jr(ag¢) = —d where
the last inequality results from the fact that ],2 ¢+1 18 the point of maximum of Ji

over the interval [ jk ¢, jk,e+1] and ak ¢ € 1jk.¢, ji+1,¢[. Moreover, as I is increasing,
./
k_ Jkn K\ _ . . ..
I"(W W) < ’k(m) = c. Putting the last two inequalities together proves that

Rie(ji p/etk,e) > 0 for odd n.
Lemma 16 Let k € N and € € NT. Then

k
Vic € 10, 400, Ik(#(l(ﬂa,’;@(/c) = Jk (w,e(tc))(ak :(K)> > 0.

Remark 17 For odd values of £, the estimate ok ¢ € 1jk.¢, jik+1.¢[ implies Ji (otx ¢) < O
and the statement thus clearly holds. The following proof shows that the statement is
true for all values of £.

Proof Let us rewrite the statement as

K 1
g(—) — h(ake) > 0, where g(z) i= ——~ and h(z) =
o z z

A simple computation using (45) yields d,g(z) = Ir+1(z)/z* > 0. So g is increasing
and, using the expansion (49) of [ around 0, one gets:

. 1
Vz>0, g > Zlg%g(z) =

The proof will be complete if we show

vz >0, = lirr(1)h(z) > h(z). (28)
>

1
2k k!
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The equality directly follows from the expansion (48). Formula (40) implies that
d;h(z) = —Jk+1(z)/zk. Thus £ is decreasing on 0, jkt1,1] 2 10, jk.1].

Because | Ji ( j,é’ )| decreases with respect to n (see [26, p. 37]), one deduces that, for
all z > ji1, Jk(jli,l) > |Jr(2)| and so h(j,é’l) > |h(z)|. The fact that j,iyl €10, ji.1]
where £ is decreasing establishes the inequality (28).

Theorem 18 Letk > 0, k € N, £ € Nt and Ry ¢ be the function defined by (9) with
a = oy and (c,d) # (0,0) a solution to (12). The function Ry ¢ possesses £ — 1
roots in 10, 1[, all of which are simple.

Proof Lemma 15 says that Ry ¢( j,i‘n /. ¢) takes alternate signs when 7 runs from 1
to £. Thus Ry ¢ possesses at least £ — 1 zeros. It remains to show that there is only one
root in each interval ]j,é’n/ozkyg, j,é,nH/ak,g[, n=1,...,¢—1, and that there are no
roots in 10, ji /e el and 1ji 4 /ox e, 11

A direct computation using the definition (27) of Ry ¢ as well as (42) and (47)
shows that u = Ry ¢ is a solution to:

k2 K2 2 K2
— 0y (r 0ru) + (—2 + T)r u= C<txk,[ + T)r Ji(ag,er). (29)
r e e
Note also that, forn =1, ..., ¢,
sign Ry ¢ (Jk—"> = sign(a’lk(ir>> = sign(d). (30)
[e7% (079

The expansions (48) and (49) yield

k

,
Rie(r) = Vﬁ(l + o(1))

where y = coc],;(Z + d(/c/ock,g)k is positive because of the choice of ¢ and d in (27) and
Lemma 16. Thus, there exists € > 0 such that Ry ¢(r) > 0 for all r € ]0, €]. Without
loss of generality, we can assume that € < j,;l/ak,g.

On Je, jk.1/ok e[, the right hand side of (29) is positive. Because Ry ¢(€) and
Ry o( j,g’l /o ¢) are both positive, the maximum principle implies that Ry ¢ > 0 on
[e, jlg’l/ak,g]. Thus Ry ¢ has no root in ]0, j,;’l/ak,g[.

If d > 0, by (30), we have Rk ¢(jk.1/ck.¢) > 0 and the same reasoning shows that
Ri¢ > Oon ]j];l/(xk’g, Jii/akel. If d < 0, R ¢ must have a root in the previous
interval. That root is unique because, if r; < r» were two roots, applying the maximum
principle on ] j,i’ 1/ ¢, r2[ would imply that Ry ¢(r1) > 0, a contradiction. Moreover,
the Hopf boundary Lemma implies that this root is simple.

On the interval 1ji 1/ck ¢, jk.2/0tk e[, the right hand side of (29) is negative. If
d < 0, Ry ¢ is negative at both endpoints of ]jk 1/otk ¢, j,éyz/ak,g[ and applying the
maximum principle shows that Ry, < 0 on the whole interval. If d > 0, Ry ¢ must
have a root in the previous interval. As before that root must be unique (if r; < r, are
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Ro,1 Rop2 Ry

Fig. 4 Graphs of Rg 1, R 2 and Ry j for k = 0.1 (red), k = 10 (orange), k = 30 (green) and k = 100
(blue)

two roots, apply the maximum principle on ]ry, j,é’z /o ¢ to get a contradiction) and
simple.

The above arguments show that in all cases, Rj ¢ possesses a single root in the
interval ] j,é’ 1 /et j,é,z /ot ¢l and that root is simple. The same reasoning applies to
all subsequent intervals ]j,i’n/ak,g, jli,n+1/°‘k,f[-

To conclude, let us now prove that there is no root in the last interval ] j,i’ o/ %0 1.
Choosing ¢ > 0 and d as above, by Lemma 15 for the first equality, (30) and the
bounds on «j ¢ of Theorem 8 for the second one and evaluating (29) at r = 1 and
taking into account the clamped boundary conditions for the last one, we obtain

./
sign Rio(254) = (-1,
(279

. k.t . .
sign Ry ¢ (;k—) = sign(d) = sign(—Ji(ax,¢)) = (=D,

sign 82 Ry ¢(1) = — sign Ji (ax.¢) = (=L (31)

Because the sign of the right hand side of (29) on ljke—1/ctk ¢, jk.e/otk el 18
also (—=1)*! and that interval contains ]jlé’e/()lk’(, Jk.¢/ok ¢[, the maximum princi-
ple implies that Ry ¢ has the same sign on the whole interval ]j,i,e/ak,g, Jke/otk el In
particular, it has no root there.

On ]jk.¢/ak.¢, 11, the sign of the right hand side of (29) is (— 1)¢. Thus, if there was
aroot r* in that interval, the maximum principle applied to ]r*, 1] would imply that
Ry ¢ has sign (— 1)¢ over that interval. This contradicts (31) and shows that there is no
root in that interval either.

Remark 19 The function Ry ; is pictured on Fig. 4 for “small” and “large” values of
k. The different graphs of Ry ; illustrate the nodal properties proved in Theorem 18.
In view of Fig. 3, the second eigenfunction space is spanned by Rj 1 (r) e and thus
necessarily changes sign due to its angular part. However, its radial part Ry ; does not
change sign as established in Theorem 14. It is no longer monotone though.
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5 Proof of Theorems 1 and 2

Theorem 1 speaks both of non-negative and negative v. For non-negative v, the fact
that the map v — A (v) is smooth and increasing is a consequence of Theorem 4.3,
Lemma4.4, Lemma4.5 and Theorem 3.2 in [10]. Theorem 3.2 of [10] also implies that
A1(0) = j12,1- The fact that A1 (v) — +o00 as v — oo results from [10, Lemma 4.6].
The following three claims (with v € [0, (jo,1 jo,z)z[ for the first one) are stated in [ 10,
Theorem 1.1] (recalling that, in that paper, v = /c2). For v € |—o0, 0, the fact that
A1(v) is simple, increasing, continuous at v = 0 and its behavior when v — —oo are
direct consequences of Theorem 12. The claims about |¢1| are stated in Theorem 13.

The existence of the functions v — A ¢(v) and the form of the corresponding
eigenfunctions given in Theorem 2 is stated in Theorem 8. The monotonicity and
smoothness of Ay ¢ results from Lemma 9 and formula (15) while the value of the
limits as v — 0 and v — —oo are immediate consequences of Lemma 10. Finally,
the claims about the roots of Ry , are established in Theorems 14 and 18.

6 Extension to any dimension

In this section, we show how the previous results may be extended to any dimension
N > 2. This generalization is straightforward so we only sketch the modifications to
be made.

To find the eigenvalues of (1), we use spherical coordinates r = |x| € [0, 400
and 6 = ﬁ € SV~! and the ansatz u = R(r)%.(9) where % is a spherical harmonic
of degree k € N, i.e., an harmonic homogeneous polynomial of degree k. Expressing
A in spherical coordinates, equations (6) and (7) become, respectively,

N -1 k(k+N —2
33R+—arR+(a2—¥) =0, (32)
r r
N —1 k2 k(k+ N —=2)
2 — JE— — =
PR+ ——0 R~ (5 +——5——) =0, (33)

Performing the change of variables R(r) = r™Y=2/2B(r), one respectively gets the
following equations

2 1 S
arB+—8,B+<a ——2)3 =0, (34)
r r
1 2 2
28 +-a.8— (55 +5)B=0. (35)
r o r

where v; 1=k + NT*Z Following the same approach as in Proposition 4, one deduces
that the eigenfunctions have the form R(r)% (6) with

R(r) = cdy (ar) +dly, (gr> (36)
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and o being a positive solution to
K , (K K\ -,
Fi@) = =y @], (5) —al,, (a)JUk (@) = 0. (37)

Because vy > 0, vg+1 = v¢ + 1 and the proofs do not use the fact that k is an integer,
Lemma 5, Theorem 8, Lemma 9, Lemma 10,... remain valid with k replaced by vg.

Theorem 20 Let k > 0. Denote (a,¢)e>1 the infinitely many simple roots of Fy
ordered in increasing order. The eigenvalues of (3) are given by

2
K

Kk,z=a;%,g——2 , keN, £eNt,
O e

and, in spherical coordinates (r, 0), the corresponding eigenfunctions are Ry ¢ (r) % (0)
where Ry ¢ is defined by (36) with a = oy ¢ and (c, d) # (0, 0) chosen to satisfy the
boundary conditions, and % is a spherical harmonic of degree k. In addition the

following holds.

o The first eigenvalue is given by Lo.1 and the corresponding eigenspace is spanned
by x — Ro,1(|x|). Moreover r — |Ro 1(r)| is positive and decreasing on [0, 1[.

e For any k and £, the function Ry ¢ possesses £ — 1 roots in 10, 1[, all of which are
simple.

Acknowledgements The authors want to thank Arpad Baricz for pointing out an alternative proof of
Lemma 5 and the references [2,14].

Appendix: Bessel and modified Bessel functions
Standard properties

As convenience to the reader, we gather in this section various properties of Bessel
and modified Bessel functions (see for instance [24]) that are used in this paper.

Recurrence relations and derivatives

The Bessel functions J, satisfy

V(@) = 5 (1@ + L @), (38)
@) = 1@ = Zh(E). (39)
I = —Ji1 (D) + EJV ), (40)
I = =1 (), (41)

ZZJJ(Z) + ZJli(Z) + (Z2 — vz)JV(z) =0. (42)
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The modified Bessel functions 7, satisfy

vh(z) = %(lv—l(z) — Iy41(2), 43)
L) =1-1(2) — Elv(z), (44)
(@) = I+1(2) + Elu(z), (45)
1) = I (2), (46)
1)+ 20)(2) — (@ + V) (2) =0. @7

Asymptotic behaviour

For any given v # —1, =2, =3, ..., whenz — O,

v

z

Jy(z) = m(l +o(1)), (48)
ZV

1,(2) = m(l +o(1)). (49)

Zeros
When v > 0, the positive zeros of J, are simple and interlace according to the
inequalities

Jol < Jutll < Jv2 < Jut12 < vz <o (50)
On the other hand, for all z > 0, Ix(z) > 0 and is increasing.

Some inequalities

Lemma 21 For all real number v > —1, we have

I (z)>2 20 1,41(2)
vz > 0, <— + = 1<o0 (51)
1,(2) z 6L(2)
whence
I _ /1,2 2
vis0, bn@  mvAVVIA (52)
1,(z) Z
Proof We start with the Turan type inequality [1] (see also [18,21,23])
Ve>0, L_1(@l1() < IJ(@), (53)

valid for all v > —1. Then using the recurrence relation (43) this can be rewritten
under the form

2v 2
(T1E+101@) @) < 2.
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Setting u := [”;v’%z()z ) the previous inequality is equivalent to (51). The estimate (52)

directly follows as z > 0. O

Remark 22 Note that the estimate (52) follows from [3, estimate (14)] that says that

forv > —1
1.2
I —v =14 o2 4oty
Vz > 0, V+1(Z)< s

1,(2) [E5P ’

since the right-hand side of this estimate is smaller than the right-hand side of (52).
Actually our proof uses the estimate (53), while the previous estimate uses the converse
Turéan type inequality

12(2)

2
Vz>0, 1@ —L-1(@l1(2) < e

valid for all v > —1.
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